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CACTI study

ü Goal: identify putative urine biomarker for diabetic complications,namely End

StageRenalDisease(ESRD)with nephropathyandCoronaryArtery Disease(CAD).

üThreecategoriesof subjectsbasedon their clinical status: G = 3 groups

üLC-MS proteomicdataof urinesamples.

p = 914variables(peptidesor diffsets).

n = 3x3 = 9 independentsubjects,

No technicalreplicates: 3x3 = 9 randomizedinjections(LC-MS runs).

Real Dataset #1

Group Factor

Control 

(C)

Diabetic

(D)

Albuminuric

(A)

1

2

3

4

5

6

7

8

9

4

IPS study

ü Goal: Biomarker discovery. To identify the proteins that are involved in the

development of Idiopathic Pneumonia Syndrome (IPS) in patients following

allogeneicStem Cell Transplantation(SCT), namely Bone Marrow Transplantation

(BMT).

ü2Ĭ2 factorial designwith repeatedmeasurementson 1 factor: 2 groupsof BMT

subjects(units)basedon their progressionto IPS

üLC-MS proteomicdataof plasmasamples.

p = 1088variables(peptidesor diffsets).

n = 2x6 = 12 independentsubjects(24 paired plasmasamplesanalyzedin a

longitudinalstudy).

No technicalreplicates: 2x2x6=24randomizedinjections(LC-MS runs).

Real Dataset #2

Time Factor

day 0 day 14

Group

Factor

Non-progressors

(control)

1

2

3

4

5

1

2

3

4

5

IPSprogressors

6

7

8

9

10

11

6

7

8

9

10

11
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Q: How to determine differential expression of a variable j (gene, protein, peptide, SNIPs, 

miRNA é)  j = 1,é,p between two experimental conditions?

üIn scientific discussion, a variable is likely to be considered differentially expressed if its 

expression level changes by a certain ñmagnitudeò.

üIn formal statistical terms, a variable is differentially expressed if its expression level 

changes systematically between two experimental conditions. In statistics, this is done usually 

by a standard two-sided test:

üIs one procedure better than the other?

0

1

: differential expression (peptide ) between two treatments  = 0 

:differential expression (peptide ) between two treatments 0 

j

j
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H j
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Fold Change vs. Statistical Test
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Example From CACTI study

Fold Change vs. Statistical Test
Ranking of peptides by Fold Change (FC) - Example with Real Dataset #1

Group Factor

Control 

(C)

Diabetic

(D)

Albuminuric

(A)

1

2

3

4

5

6

7

8

9

FC = 2

FC = 1/2

FC = 1/2

FC = 2

UpregulatedUpregulated

Downregulated Downregulated

üDefinition: M = Log2(FC) = Log2(Group D) - Log2(Group C)

üProperty: Fold Change = 0 ė Not Regulated

üSignificance Threshold Rule : FC Ó 2 or FC Ò 1/2  ė |Log2(FC)| Ó 1

219 

peptide 

discoveries 

by FC
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Fold Change vs. Statistical Test
Ranking of peptides by Fold Change (FC)

Null (theoretical)

Observed

Null (empirical.)

üDefinition (two-sample - equal var. - balanced groups): t = Log2(FC)/se[Log2(FC)] 

üProperty: t = 0 ė Not Regulated

üSignificance Threshold Rule : |t|Ó 2

üNull distribution: tn - 2

How do we know what is the null distribution?

Either assume a theoretical null distribution 

(e.g.: tn - 2 with n - 2 d.f.), or use a permutation 

method to estimate it:

For b= 1,é,B 

Årandomly permute the two groups 

labels

Åfor each variable j re-compute the 

null t-statistics t0:

0,1 0, 0,, , ,    1, ,b B

j j jt t t j p= »
9

Fold Change vs. Statistical Test
Ranking of peptides by t-statistic (t)

FC = 1/2 FC = 2

t = -2

t = 2

159 peptide discoveries 

by t-statistic

FP (by FC)

FN (by FC)
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Fold Change vs. Statistical Test
Ranking of peptides by t-statistic (t)

üDefinition (equal variance  - balanced groups): p = Pr(|tn| Ó|t| | H0 is true) 

üProperty: ~ FPR(aka type I error rate)

üSignificance Threshold Rule: pÒ 0.05

üAny test of significance can be converted to p-values

üThe significance cut-offs are always of the form: Reject all p-values Ò t for some 0 Ò t Ò 1

üGet the same ranking if we use

(a) the original statistics and null distributions or

(b) their corresponding p-values

11

Fold Change vs. Statistical Test
Ranking of peptides by p-value (p)

40 peptide discoveries 

by p-value

p = 0.05

FP (by FC)

FN (by FC)

FC = 1/2 FC = 2

12

Fold Change vs. Statistical Test
Ranking of peptides by p-value (p)
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üOne immediately sees the discrepancies of calls between FC and test statistic.

üExample of a False Positive (FP) and a False Negative (FN) on two extreme cases:

FC = 2.29

t-statistic = 0.67

p-value = 0.55

FC = 0.62

t-statistic = -4.52

p-value = 0.01
13

Fold Change vs. Statistical Test
Example

FC consider the 

magnitude of 

change regardless 

of how large the 

variance might 

be. 

üDisadvantagesof usingFold-Change(FC) ratherthanteststatistics:

ÅThenull andnon-null distributionsof FC areusuallyunknown,sothecutoff value

usedasa thresholdin FC is arbitrary andmethodsusingit areadhoc.

ÅThe FC cutoff does not take variability into account,so there is no statistical

confidence that the variables will achieve the same FC threshold in future

experimentsor studies.

ÅFC do not give estimatesof FP or FN (morelater)

ÅFC do not allow to control theFDR (morelater)

However,

üUsing FC gives assurancethat the differences found are large enough to be

biologically meaningful.

üRecentstudieshaveshownthat combiningstatisticalsignificanceand magnitudecan

improvereproducibilityof resultsacrossplatformsandexperiments.

Fold Change vs. Statistical Test
Summary

14
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Outline Statistical Modeling
Linear Model Approaches

üLinearModelsaccommodatea wide varietyof experimentaldesignsandcomplexerror

structures.

üLinear modelanalysisof largeomicsdatais performedeitherunivariatelyor jointly for

all thevariables(genes,proteins,peptides,SNIPs,miRNA,é)

ÅOneapproachis to fit a singleóglobalôlinear modelsimultaneouslyfor all thevariables(Kerr

etal 2000, 2003).

ÅAnother commonapproachis to fit a separatelinear model to eachvariable independently

Wolfinger (2001); Yanget al. (2003); Smith(2004); Cui et al. (2005).
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Joint modeling:
Åtends to provide more flexibility in terms of 

how parameters are fitted and estimated

Åtends to be more powerful (differences in 

d.f., joint vs. univariate estimation of all 

variance components, use of different 

contrasts)

Åallows model evaluation

Åassumes all equal variances across variables

Univariate modeling
Åinferences for a variable assumed 

independent of other variables

Ådesigned to accommodate different variances 

across variables

Åsimpler to specify and to fit

Åcomputationally practical

Åpoint estimates of expression differences tend 

to vary little from the ones produced by the 

joint modeling approach

Statistical Modeling
Linear Model Approaches - óUnivariateô ANOVA model

üVariousmodelingapproacheshavebeenstudiedin microarraydata. The initial way has

beento fit a univariatemodel. An ANOVA formulationfor microarraydataincludes:

üThe model is applied separately for each gene (ósingle geneô or ógene-specificô model). 

Note that the subscript g appears in every term in (1) and can be dropped.

17

     (1)ijkg g ig jg kg ijkgy A D Vm e= + + + +

Arrayi
gene-

specific 

array (spot) 

effect

Dyej
gene-

specific 

dye effect

(2 colors)

Varietyk
gene-specific effect in 

specific exp. variety k

(to be decoupled into 

several factors)

= effects of interest

Intensity
Of  gene g on array i

from dye j in exp. variety k

(a generic term for the different 

RNAs varieties)

Error
gene-specific residual 

(unexplained) variance 

unaccounted for

Mean
overall gene-

specific 

effect

üAn alternativeapproachin microarraydatais to fit aóglobalômodelin that it appliesto

thedatafor all thegenesatonce. A commonway is to fit aótwo-stageôANOVA model:

üNote the subscript g does not appear in any term of (2) (except residual): these terms are 

ñglobalò effects, describing variationacross genes.
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Statistical Modeling
Linear Model Approaches - óJoint (Global)ô ANOVA model

( )      (2)ijkg i j ij ijkgy A D AD rm= + + + +

( ) ( )     (3)ijkg g ig kg ijkgr AG VGm e= + + +

Arrayi
Overal 

array effect

Dyej
Overal 

dye effect 

(2 colors)

Channelij
Overall Dyej by

Arrayi (labeling

reaction)effect

Intensity
Of  gene g on array i

from dye j in exp. Variety k

Residual
Overall residual 

(unexplained) variance 

unaccounted for

Mean
Overall mean

Arrayi
gene by array 

effect

Varietyk
Gene by exp.

variety k effect

(to be decoupled into 

several factors) 

= effects of interest

Error
gene-specific residual 

(unexplained) variance 

unaccounted for

Mean
overall gene-

specific effect

normalizationmodel
(overall effects)

gene-specificmodel
(gene-specific effects)
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Statistical Modeling
Linear Model Approaches ïAbout Univariate Modeling Assumptions

üUnivariatemodelingassumesthat inferencesfor a variablecanbebasedindependently

of othervariables.

üIn omics data,thereis usually not enoughsamplesto get an accurateestimateof the

error variancefor individual genes(acrossthousandsof genes,manywill havesmall error

variancesby chance).

üEmpirical evidencesuggeststhat a univariate modeling approachestend to lack of

power (ófalsenegativeô)and lead to ófalsepositivesôwhen differential expressionis

assessed(Efron et al., 2001; Tusheretal., 2001; Ishwaran2003; Smyth2004).

üTo getaroundtheseproblemsandproducemorerobustinferences,it is imperativeto:

ÅuseregularizationtechniquessuchasempiricalBayes(morelater)

Åperformadequatenormalizationandvariancestabilizationproceduresbeforehand.

19

Statistical Modeling
Linear Mixed Effects Models

üThe linear modelassumes(i) a singlecomponentof variance(e) , and(ii) independent

and identically distributed(i.i.d.) observations. It doesnot allow for multiple sourcesof

variation nor does it account for correlation among the observationsthat arise as a

consequenceof different layersof variation.

üTo addressthesesituations: mixed-effectsmodels

üThe mixed-effectsmodeltreatsomeof the factorsin anexperimentaldesignasrandom

samplesfrom a population: we assumethatif theexperimentwereto berepeated,thesame

effectswould not be exactly reproduced,but that similar effectswould be drawnfrom a

hypotheticalpopulationof effects=> model thesefactorsassourcesof variance.

20
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üIn mixedmodelANOVA, therearemultiple levelsof variances: biologicalvariation

(subjects,patients,é), technicalvariation(arrays,runs,é), blocking factors,between

experimentalgroupsvariability, residuals,etc...

üUsually,all experimentalunitsandbiological replicatesaretreatedasrandomeffects

aswe think of themasbeingrandomlyselectedfrom amuchlargerpopulation.

üUsually, arrays (AG effect) are treated as treated as random factor in ANOVA model.

üUse random-effects models to account for correlations structures: 

Ålongitudinal data (repeated measure data)

Åclustered or stratified data

Statistical Modeling
Linear Mixed Effects Models ïRandom Effects?

Statistical Modeling
Linear Mixed Effects Models ïExamples of Applications

üSome recent examples in microarray data:

ÅKerr et al. (2002) observed spot-to-spot variation that was normally distributed across genes. 

ÅWolfinger et al. (2001) fits separate models for each gene but model the individual channels of 

two color microarray data requiring the use of mixed linear models to accommodate the 

correlation between observations on the same spot.

ÅChu et al. (2002) proposes mixed models for single channel oligonucleotide array experiments 

with multiple probes per gene.

ÅCui et al. (2005) treats the individual arrays and mouse biological replicates as random effects.

22
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IPS study

ü Goal: Biomarker discovery. To identify the proteins that are involved in the

development of Idiopathic Pneumonia Syndrome (IPS) in patients following

allogeneicStem Cell Transplantation(SCT), namely Bone Marrow Transplantation

(BMT).

ü2Ĭ2 factorial designwith repeatedmeasurementson 1 factor: 2 groupsof BMT

subjects(units)basedon their progressionto IPS

üLC-MS proteomicdataof plasmasamples.

p = 1088variables(peptidesor diffsets).

n = 2x6 = 12 independentsubjects(24 paired plasmasamplesanalyzedin a

longitudinalstudy).

No technicalreplicates: 2x2x6=24randomizedinjections(LC-MS runs).

Real Dataset #2

Time Factor

day 0 day 14

Group

Factor

Non-progressors

(control)

1

2

3

4

5

1

2

3

4

5

IPSprogressors

6

7

8

9

10

11

6

7

8

9

10

11

24

üApproach #1: fit a separate model for each peptide(j = 1,é,p) with req. precautions

üThe model would include the fixed-effects of interest:

Åthe group effect

Åthe time effect

Åtheir interaction

ü The model would accommodate random-effects:

Åthe subject biological variability

Åthe within subject (serial) correlation of observations from same subject at different times

Åthe random technical variability associated with the sample preparation (requires tech. repl.)

Åthe residual random technical variability associated with the instrumental LCMS elution-

spectrum run + measurement errors

Åthe within protein correlation between multiple peptides belonging to the same protein

Åthe subject by time interaction (random slope - requires tech. repl.) 

Group: g = 1,2

Time: t = 0,14

Subjects (units): i = 1,é,11

Replicates : (e.g. 3 tech. sample preparations)

Proteins: q= 1,é,133

Statistical Modeling
Mixed ANOVA Models of LCMS Proteomics Data - Example From Real Dataset #2
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üLet                            be the expression intensity of the jth peptide (j = 1,é,p)  on the 

transformed scale after normalization-variance stabilization. Ideally, a mixed-effects 

model for the expression of the jth peptide is:

üWith usual assumptions:                         and

tjT

gjG

( )
gtj

GT

Group effect

Time effect

Interaction effect

( ) ( )( )      (4)gtiqj gtiqj j gj tj ij i g tj qj igtqjgtj
Z t Y G T GT S R Pm e= = + + + + + + +

Fixed-effects Random-effects

( )i g tjR

ijS

qjP Protein effect

Subject effect

Sample effect

2(0, )qj PP N s

2(0, )ij SS N s

2

( ) (0, )i g tj RR N s

Statistical Modeling
Mixed ANOVA Models of LCMS Proteomics Data - Example From Real Dataset #2

( )gtiqj i g tj ij qjR S Pe ^ ^ ^(0, )
gtiqj

Ne S

( )
2 2 2

E( )

Var( )

gtiqj j gj tj gtj

gtiqj R S P

Z G T GT

Z

m

s s s S

= + + +

= + + +

( )gtiqj gtiqjZ t Y=
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Statistical Modeling
Mixed ANOVA Models of LCMS Proteomics Data - Example From Real Dataset #2
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Statistical Modeling
Mixed ANOVA Models of LCMS Proteomics Data - Example From Real Dataset #2
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Statistical Modeling
Mixed ANOVA Models of LCMS Proteomics Data - Example From Real Dataset #2
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-R package ónlmeô

lme()

-R package ólme4ô 

lmer()

New implementation from same authors (D. Bates)

Provides more flexibility and extensions to GLMM

-Bioconductor R package ólimmaô

lmFit()

Analysis = mixed ANOVA model

To be used with options:

- block = biological replicate blocks

- correlation = a consensus (robust) average of the 

individual correlations within the blocks. 

duplicateCorrelation()

Estimates the correlation between repeated observations on the 

blocking variable. The correlation is estimated by fitting a 

mixed linear model by REML individually for each variable.

It is to be used as input for lmFit().

LMM

Linear Mixed-effects Models
R Implementations

Combined Empirical 

Bayesô estimators 

and LMM

-R package ómaanovaô

read.madata()

Reads in the data and make an object of class madata

Fitmaanova()

Fits the mixed ANOVA model

Resiplot() 

Residual plot of the residuals versus fitted value

matest()

Inferences by permutation tests and FDR adjustements 

(based on the James-Stein shrinkage estimates of the 

error variance)

30
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üTraditional measures of errors committed from multiple testing of m null hypotheses :

H01, H02,é, H0m with independent test statistics T1, T2,é, Tm

ÅV = which truly null hypotheses are called significant 

(# false positives - type I error) 

ÅT = which truly non-null hypotheses are called non-significant 

(# false negatives ïtype II error)

31

Controlling Error Rates
Multiple Hypothesis Testing - Possible Outcomes & Errors

Hypothesis

(Accept H0)

Declared Non-

Significant

(Reject H0)

Declared

Significant

Total

True Null Hypotheses

H0

U V
(Type I error)

m0

True Alternat . Hypotheses

H1

T
(Type II error)

S m1

Total W R m

FPR

FNR

32

üTwo caveats:

ÅNot controlling for multiplicity by FWER= Pr(VÓ1) is too lax:

working ata= 0.05, (m = p hypotheses)we expectp*a= 914*0.05 = 45.7, i.e

onaverage45 (statistical)discoveriespossiblyjust dueto chancealone. Notice

thatwe foundearlier40 peptidesdiscoveries. So,ALL of themmayjust bedue

to chancealoneé!

ÅControlling for multiplicity by FWERis too restrictive:

working ata= 0.05, anysinglecomparisonhasto besignificantat

to makeit to the list of discoveriesé!

üAlternative?usea trade-off: FalseDiscoveryRate

Controlling Error Rates
The Multiplicity Problem - Example From Real Dataset #1

0.05 914 5.5e-05 0.000055pa = º =

Controlling Error Rates
False Positive Rate vs. False Discovery Rate

üFalse Positive Rateis the rate at which truly null hypotheses are called significant

üFalse Discovery Rateis the rate at which hypotheses called significant are truly null

0

V
FPR

m
º

33

Hypothesis

(Accept H0)

Declared Non-

Significant

(Reject H0)

Declared

Significant

Total

True Null Hypotheses

H0

U V
(Type I error)

m0

True Alternat . Hypotheses

H1

T
(Type II error)

S m1

Total W R m

V
FDR

R
º

FPR

F
D

R

Controlling Error Rates
False Discovery Rates ïFormal Definition

üLet the error in the entire study is measured by the sample quantity Q defined as 

the False Discovery Proportion or FDP, i.e. the proportion of false discoveries 

among the discoveries:

üBenjamini and Hochberg (1995) define the False Discovery Rate:

üThis is usually appropriate because one wants to find as many truly differentially 

expressed genes as possible with relatively few false positives..

üThis error rate is adaptive and scalable: e.g. inspecting 100 hypotheses:

Å2 false ones among 50 discovered is bearable, but 2 false ones among 4 discovered is 

unbearable

ÅThe same argument holds when inspecting 10,000 hypotheses

E[ ] E | 0 Pr( 0)
V

FDR Q R R
R

è ø
= = > >é ù

ê ú
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          0

0               0

V R R
Q

R

>ë
=ì

=í

Controlling Error Rates
False Discovery Rates ïEstimation

üThe following (p-value)  linear step up procedure strongly controls the FDR:

ÅCompute the observed p-values of the tests 

ÅOrder the p-values: 

ÅLet  

ÅReject  the null hypotheses                  corresponding  to                

üIf tests statistics are independent and continuous , it guarantees  independently of 

m0 that :                                  If  independence cannot be assumed ,                                  

(Yekutieli, 2001)
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(1) (2) ( )mp p p¢ ¢

{ }( ) 1

m

j j
p

=
{ }0 1

m

j j
H

=

( )
1

Ĕ argmax : k
k m

k
k k p

m
a

¢ ¢

ë û
= ¢ì ü

í ý

{ }
Ĕ

0 1

k

j j
H

=
{ }

Ĕ

( ) 1

k

j j
p

=

0m
FDR

m
a a= ¢ 0m

FDR
m
a a¢ ¢
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ĔE FDR FDRè ø²
ê ú

1)  Either fix the rejection region beforehand 

For some pre-chosen significance cut-off Ŭ, estimate FDR so that

ÅThis calculates the maximum estimated FDR among all p-

values Ò Ŭ , which is equivalent to estimating the FDR when 

calling all p-values Ò Ŭ significant.

ÅMore appropriate if on an exploratory or discovery path.

2)  Or fix the error rate beforehand 

For some pre-chosen FDR Ŭ, estimate a significance cut-off so that on average 

ÅThis calculates the largest p-value cut-off with estimated 

FDR Ò Ŭ, which is equivalent to estimating a p-value cut-off 

for controlling a given FDR level Ŭ. 

ÅMore appropriate if a minimum number of null hypotheses 

are expected to be rejected and a certain average FDR is 

required. 

Controlling Error Rates
Possible FDR Goals (Storey 2002, 2003a)

ĔFDR a¢

p-values FDR

p(1)

p(2)

p(k) = a ĔE FDRè ø
ê ú

p-values FDR

p(1)

p(2)

p(k) ĔFDR a=
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Example From IPS study

Time Factor

day 0 day 14

Group

Factor

Non-progressors

(control)

1

2

3

4

5

1

2

3

4

5

IPSprogressors

6

7

8

9

10

11

6

7

8

9

10

11

Controlling Error Rates
Possible FDR Goals - Example From Real Dataset #2
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Controlling Error Rates
Possible FDR Goals - Example From Real Dataset #2

ID p-values FDR
1 diffset_454 2.48E-05 0.008052008
2 diffset_2549 0.000483277 0.046124216
3 diffset_2889 0.000684445 0.046124216
4 diffset_1788 0.000709177 0.046124216
5 diffset_9 0.000736259 0.046124216
6 diffset_488 0.001064621 0.046124216
7 diffset_1747 0.00110959 0.046124216
8 diffset_560 0.001376985 0.046124216
9 diffset_278 0.001443227 0.046124216
10 diffset_731 0.001456368 0.046124216
11 diffset_378 0.001644709 0.046124216
12 diffset_462 0.001703048 0.046124216
13 diffset_1800 0.00194101 0.048525245
14 diffset_330 0.002497816 0.057985026
15 diffset_631 0.002750687 0.059598214

. . . .

. . . .

. . . .

106 diffset_196 0.048657782 0.145206007

107 diffset_27 0.049129725 0.145206007

108 diffset_1442 0.05018807 0.145206007

109 diffset_1103 0.05024518 0.145206007

110 diffset_241 0.051809711 0.145206007

. . . .

. . . .

. . . .

. . . .

ID p-values FDR
1 diffset_454 2.48E-05 0.008052008
2 diffset_2549 0.000483277 0.046124216
3 diffset_2889 0.000684445 0.046124216
4 diffset_1788 0.000709177 0.046124216
5 diffset_9 0.000736259 0.046124216
6 diffset_488 0.001064621 0.046124216
7 diffset_1747 0.00110959 0.046124216
8 diffset_560 0.001376985 0.046124216
9 diffset_278 0.001443227 0.046124216
10 diffset_731 0.001456368 0.046124216
11 diffset_378 0.001644709 0.046124216
12 diffset_462 0.001703048 0.046124216
13 diffset_1800 0.00194101 0.048525245
14 diffset_330 0.002497816 0.057985026
15 diffset_631 0.002750687 0.059598214

. . . .

. . . .

. . . .

. . . .

. . . .

. . . .

. . . .

. . . .

. . . .

. . . .

. . . .

. . . .

Group contrast: IPS vs. no IPS

Fixing the rejection region beforehand Fixing the error rate beforehand 

FDRå 14.5%

FDRå 5%

13 peptides

are selected

107 peptides

are selected

39

- R package óstatsô 

p.adjust(.)

- Bioconductor R package ólimmaô

topTable()

In both use option method = ("bonferroni", "holm", "hochberg", "hommel", "BY", "BH" )

Controlling Error Rates
Some R Implementations

FDR, FWER

40
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Example From CACTI study

Improving Power
False Discovery Rate Limitations

Group Factor

Control 

(C)

Diabetic

(D)

Albuminuric

(A)

1

2

3

4

5

6

7

8

9

üOur proteins revisited : example of a False Positive (FP) and a False Negative (FN) 

in group contrast D - C:

FC = 2.29

t-statistic = 0.67

p-value = 0.55

FDR = 0.84 !!!

FC = 0.62

t-statistic = -4.52

p-value = 0.01

FDR = 0.75 !!! 42

Improving Power
False Discovery Rate Limitations - Example From Real Dataset #1
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üGroup contrast D-C of our example:

43

Improving Power
False Discovery Rate Limitations - Example From Real Dataset #1

ID p-values FDR

1 diffset_662 0.000416108 0.377826436

2 diffset_2166 0.0035727 0.746698885

3 diffset_287 0.004285602 0.746698885

4 diffset_120 0.007184299 0.746698885

5 diffset_771 0.009307952 0.746698885

6 diffset_2331 0.009329228 0.746698885

7 diffset_368 0.011289954 0.746698885

8 diffset_921 0.012010331 0.746698885

9 diffset_805 0.012836199 0.746698885

10 diffset_1070 0.013463146 0.746698885

11 diffset_73 0.015556353 0.746698885

12 diffset_106 0.016331549 0.746698885

. . . .

. . . .

. . . .

592 diffset_229 0.547031789 0.835868576

593 diffset_3592 0.547162087 0.835868576

594 diffset_1338 0.547396685 0.835868576

595 diffset_631 0.547733263 0.835868576

596 diffset_3998 0.551287603 0.839881113

597 diffset_309 0.556359094 0.843130778

598 diffset_348 0.557667274 0.843130778

. . . .

. . . .

. . . .

FDR = 37%

The adjusted p-values tend to be very 

discreteand large.

ÝNone of them would pass e.g. an 

accepted level of FDR Ò 0.38!

Ý Is it real that strictly nopeptide is 

differentially regulated in contrast D-

C below FDR = 38% ???

üIn the context of massive multiple hypotheses testing, and/or if there is not very good 

evidence for differential expression, it is quite possible for all the adjusted p-values to be 

very large (and discrete), even for all of them to be larger than the accepted level of FDR or 

even equal to 1 if the smallest (unadjusted) p-value is greater than          !

üWhat are the problems when doing massive (m >> 1) FDR-controlled multiple

hypothesistesting(e.g. massivedifferential expressiondetections)?

ÝOver-conservativenessand lack of power of the FDR procedure

ÝUnrealistic independence assumption (increased FPR)

üWhat to do (in a first step)?

VReduce m by improving preselectionprocedures.

VUse regularization and adequate (non global) variance stabilization procedures.

ÅUse False Discovery Rate Extensions (next)

ÅUse empirical Bayes(later)

ÅControl the statistical power (later) 44
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Improving Power
False Discovery Rate Limitations

üJ. Storey in 2002 defines the Positive False Discovery Rate:

üThe term ópositiveô means that one conditions on at least one positive finding having 

occurred : Pr(R Ó 1) = 1.

üInitial justification for dropping FDR and FDP: Since no one is interested in the m0 = m

situation where all null hypotheses are true and FDR = 1,  Storey argues that pFDR is a 

more satisfying  measure of significance.

üIn general, pFDR Ò FDR, but in e.g. óomicsô data m is large, so Pr(RÓ1) å 1 and 

FDR å pFDR.

E | 0
V

pFDR R
R

è ø
= >é ù
ê ú
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Improving Power
Positive False Discovery Rate(Storey 2002, 2003a)

üTesting of m null hypotheses :H01, H02,é, H0m with independent test statistics T1, T2,é, Tm

üLet                                                 . If the Hj are independent Bernoulli:                         with  

for j = 1,é,m. 

üLet G be the common rejection region for each single test, then the pFDR can be written in

such a simple way:

Theorem: for eachj = 1,é,m

andusingBayesôrule it derivesthat:

where

( )
( ) E | ( ) 0 =Pr( 0 | )

( )
j j

V
pFDR R H T

R

è øG
G = G > = ÍGé ù

Gê ú
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Improving Power
Positive False Discovery Rate(Storey 2002, 2003a)

0

0

0    if  is true

1     if  is not true

j

j

j

H
H

H

ëî
=ì
îí

0( )
iid

jH Berp

0Pr( 0)jH p= =

0 0Pr( ) Pr( | 0) (1 )Pr( | 1)j j j j jT T H T Hp pÍG = ÍG = + - ÍG =

0 Pr( | 0)
( )=

Pr( )

j j

j

T H
pFDR

T

p ÍG =
G

ÍG

ü Suppose we observe realizations T1= t1, T2= t2,é, Tm= tm of the test statistics. 

The p-value of an observed test statistic Tj = tj is by definition:

üBy previous theorem: 

üBayesian interpretation : pFDR is a Bayesian analogue to the p-value (ñposterior p-valueò).

47

Improving Power
p-values vs. q-values (Storey 2002, 2003a)

({ })=Pr( 0 | )j j j j jpFDR T t H T t² = ²

0-value( ) Pr( | 0)j j jp t T t H= ² =

48

üFalsePositiveRate => p-values:

ÅThep-valueis a singlehypothesismeasureof significanceof theteststatisticin termsof theFPR.

ÅCanbedescribedastheprobability thestatisticis significantgiven thenull hypothesisis trueė

probabilitya truly null statisticis moreextremethantheobservedone.

üFalseDiscoveryRate=> q-values

ÅThe q-value is a multiplehypotheses measure of significanceof the test statistic in terms of the 

pFDRassociated with each hypothesis. This is NOT a pFDR-adjusted p-value! 

ÅCan be describedas the probability a null hypothesisis true given the statisticis significantė

probabilityamoreextremestatisticis truly null.

0-value( ) Pr( |  is true)j j jp t T t H= ²

0-value( ) Pr(  is true | )j j jq t H T t= ²

Improving Power
p-values vs. q-values (Storey 2002, 2003a)
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üAll rejection regions are of the form: G = [0,g] for some gÓ 0 . Let p a random p-value 

resulting from any test. Let                     be the proportion of truly null hypotheses. J. Storey 

showed that: 

üSince the largest (null) p-values are most likely to come from the null, uniformly 

distributed p-values, a conservative estimate of the proportion of truly null hypotheses is 

given by : 

üA natural estimate of Pr( pÒ ɔ) is:

üTherefore, a good estimate of pFDR(ɔ) for fixed ɚis:

0( )=
Pr( )

pFDR
p

p g
g

g¢

49

0

#{ }
Ĕ( )

(1 )

jp

m

l
p l

l

>
=
Ö -

#{ }
ĔPr( )=

jp
p

m

g
g

¢
¢

For some well-chosen ɚ. In 

practice, get a crude estimate of it 

(more later). 

For a non-random significance 

threshold g,  pFDR(g) denotes the 

pFDRwhen rejecting all null 

hypotheses with p-values Ò g.

0 0
Ĕ ĔĔ( )= =

Ĕ #{ }Pr( ) j

m
pFDR

pp

p g p g
g

gg ¢¢

0 0m mp=

Improving Power
Positive False Discovery Rate ïq-value Estimation (Storey 2002, 2003b)

Improving Power
Positive False Discovery Rate ïq-value Estimation (Storey 2002, 2003b)

50

üConnectionto the sequentialp-valuemethodof Benjaminiet al. (1995). Recall the linear

stepup procedurewhich allows us to fix theerror ratebeforehandandestimatetherejection

region:

ÅOrder the observed p-values: 

ÅLetting                                                    , and rejecting                                => FDR Ò a

üSince

ÅLetting                                                         i.e.     

ÅAnd rejecting  

üThen           when p0 is estimated , which means increased power (pFDR), whereas     

(FDR) 

(1) (2) ( )mp p p¢ ¢

{ }( )
1

Ĕ argmax : ( )k
k m

k k p k ma
¢ ¢

= ¢ Ĕ(1) (2) ( )k
p p p¢ ¢

0 ( )0
( )

ĔĔĔ Ĕ( )= ( )=
#{ }

l

l

j

pm
pFDR pFDR p

p l m

pp g
g

g
Ý

¢

Ĕ(1) (2) ( )l
p p p¢ ¢

{ }( )
1

Ĕ Ĕargmax : ( )l
l m

l l pFDR p a
¢ ¢

= ¢ { }( ) 0
1

Ĕ Ĕargmax : ( )l
l m

l l p l m a p
¢ ¢

= ¢

Ĕ Ĕk l<

0
Ĕ Ĕ Ĕ 1k l p= Ú =
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Improving Power
Positive False Discovery Rate ïAbout Power - Example From Real Dataset #1

Example From CACTI study

Group Factor

Control 

(C)

Diabetic

(D)

Albuminuric

(A)

1

2

3

4

5

6

7

8

9

Improving Power
Positive False Discovery Rate 

ïEstimation of p0 (Storey 2003b)

52

0

#{ }
Ĕ( )

(1 )

jp

m

l
p l

l

>
=
Ö -

The null (largest) p-

values ~ uniform 

distribution. 

üHow to pick (a crude) 

estimate of : 

Choose lto optimize the bias-

variance trade-off. Use

between 20-80% 

perc. of l (can also minimizes 

(Storey 2003b)
0
ĔMSE[ ( )]p l

0
Ĕmin[ ( )]p l

0p

üIf p0 is not estimated i.e. set to 

1ėl= 0, then this is equivalent 

to the FDR controlling procedure 

(BH) proposed by Benjamini et 

al. (1995).

Improving Power
Positive False Discovery Rate ïPower Comparison

53

üpFDRhas a greater power than the 

FDR (therefore less conservative), 

mainly due to the estimation of p0

Procedure

Cont.

a

D-C A-C A-D

Bonferroni

0.01 0 1 0

0.05 0 6 8

0.10 0 10 12

BY

0.01 0 1 0

0.05 0 1 9

0.10 0 24 23

BH

0.01 0 20 20

0.05 0 153 185

0.10 0 311 331

JS

0.01 0 70 202

0.05 0 375 528

0.10 0 513 700

üOur CACTI study example: determine the proteins differentially expressed in all 3 

groups of subjects groups C, D, A.

Improving Power
Positive False Discovery Rate ïPower Comparison

54

üOur CACTI study example:

ü Results when pFDR is 

controlled at level a= 0.05



10

55

üEmpiricalevidenceaboutunivariatemodelingapproachesof differentialexpression

suggestthat:

Åleadto manyñfalsepositivesò(Efron et al., 2001; Tusheret al., 2001).

Ålack of power(Storey,2002, 2003a,2003b)

üTo compensate,takeadvantageof the parallelnatureof the high-throughputdataby

borrowinginformationacrosssimilar or all thevariables(regularization),which in turn

canassistin inferenceabouteachvariableindividually.

üThis caneasilybe doneby applicationof non-parametricempirical Bayesmethods

andestimatorsderivedfrom them(socalledmoderatedF-, t-, andB statisticsin which

posteriorresidualvariancesareusedin placeof ordinaryvariances).

Improving Power
Use of Empirical Bayes - Rationale

56

Improving Power
Use of Empirical Bayes - Rationale

üThe moderatedstatisticsareshownto follow distributionswith augmenteddegreesof

freedom,which resultsin greaterstatisticalpower(Smyth,2004).

üThe empiricalBayesapproachappliedto varianceestimateis equivalentto shrinkage

of the residualsamplevariancestowardsa pooledestimate,resultingin far morestable

inferencewhenonly few samplesareavailable(Smyth,2004).

üThis methodis particularlyappropriate:

Åfor detectingdifferential expression(Lönnstedtet al. 2002; Ge2003; Smyth,2004),

Åin thecaseof scarcityof samplesasis alwaysthecasein high throughputdata(Smyth,2004).

57

Improving Power
Use of Empirical Bayes - Examples

üTheideaof usinga moderatedstatisticwith a Bayesianadjusteddenominatorhasbeen

usedin a numberof methods. A commonalityto eachof thefollowing methodsinvolves

shrinkageof thesamplevarianceto aglobalvalueby a form avarianceregularization:

üEmpiricalBayesapproacheswereused(e.g. to identify differentially expressedgenes)

in thecontextof unequalvariancestwo-samplet-testfor estimatingpopulationvariances

Åby a weighted mixture of the individual genesamplevarianceand an overall

inflation factorselectedusingall genes(Baldi et al. 2001).

Åby a pooledsamplevariancesinflated by using an overall offset (ófudgefactorô)

(Tusheret al. 2001; Efron et al. 2001; Broberg2003).

üShrinkageestimationwas usedin Wright & Simon (2003); Smyth(2004); Cui et al.

(2005) andJi et al. (2005).

58

Improving Power
Use of Empirical Bayes - Setup (Smyth, 2004)

üWe considera datasetof n observationsandp variables(e.g. genes,proteins). Let Yi,j be

theexpressionmeasurementof jth variablein ithsample. Let bethe

univariateresponsevectorfor eachvariablej = 1,é, p.

üWe considerthata linearmodel is fitted for eachvariable j :

Weassumethat . Fromfitting we get theestimates: and s.t.

üSupposewe areinterestedin testingc = 1,é, r contrastsof interest:

whereL is a (n x r) contrastmatrix (r = rank(L )). Thecontrastestimatorsare with

estimatedcovariancematrix: . Denoteby vcj , for c = 1,é, r , the cth

diagonalelementof the(r x r) matrix .

üWe wantto test: , for c = 1,é, r .

,i jY

...variable ...j

samplei ,i jY

( )1, , ,

T

j j i j n j
Y Y Y=Y

j j j= +Y XŬ Ů

2Var( )j j j js= =Y Ů W

T

j j=ɓ LŬ

0 , : 0c j cjH b =

Ĕ
jŬ

2Ĕ
js

2Ĕ ĔVar( )j j js=Ŭ V

Ĕ ĔT

j j=ɓ LŬ

2Ĕ ĔVar( ) T

j j js=ɓ LVL
T

jL V L
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Improving Power
Use of Empirical Bayes ïHierarchical Model (Smyth, 2004)

üThe goal is to describehow the unknowncoefficientsbj and unknownvariancess2
j

vary across variables. This is done first by assumingprior distributions for these

parameters:

1. How thevariancesareexpectedto vary acrossvariables:

2. How thenon-null contrasts(comparisons)vary acrossvariables:

üLet dj is the residualdegreesof freedomfor the linear model for variablej. Under the

abovehierarchicalmodel,Bayesôrule => theposteriormeanof is :

2 2

0| , 0    (0, )cj j cj c jN vb s b s¸

0

2 2 2

0 01     j d ds c s

The point estimate for the prior 

is a weighted average of the 

sample estimate and the prior 

estimate 

2 2Ĕ|j js s

2 2

0 02 2 2

0

Ĕ
ĔE( | )

j j

j j j

j

d d

d d

s s
s s s

+
= =

+
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Improving Power
Use of Empirical Bayes ïModerated Statistics (Smyth, 2004)

üDefine a moderated t-statistic:

üAdvantageof moderatedt-statistics: large moderatedstatisticsare lesslikely to arise

merely from under-estimatedsamplevariancesthanksto the weightedmoderationof the

samplevariances: small samplevarianceswill be heavily moderatedwhile larger sample

variancesto a lesserdegree.

ÝMore stable(regularized)populationvarianceestimates.

0

0

Ĕ

j

H
cj

cj d d

j cj

t t
v

b

s
+=

The posterior residual 

standard deviation is now 

used instead of the usual 

sample standard deviation.

The added d.f. reflects the extra 

information which is borrowed 

from the ensemble of variables 

for inference about each 

individual variable j.
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Improving Power
Use of Empirical Bayes ïModerated Statistics (Smyth, 2004)

üSimilarly, the moderated inferential approach extends to accommodatetests of

compositenull hypothesesinvolving two or morecontrastssimultaneously. Onecandefine

amoderatedF-statisticwith addedd.f. d0+dj:

üAnd a posterior odds statistics (against the null), which can be reformulated in terms of 

the moderated t-statistic and posterior residual standard deviation:

where                                           is the posterior odds against the null 

with respect to contrast bcj (e.g. gene j is differentially expressed in contrast c)   

0

0, j

H

j r d dF F +=

20

0 0 0

1 1
log( ) log

2

cj cjc
cj cj cj

c cj c cj c

v v
B O t

v v v v

p

p

è ø-
= = +é ù

+ +é ùê ú

2

2

ĔPr( 0| , )

ĔPr( 0| , )

cj cj j

cj

cj cj j

t
O

t

b s

b s

¸
=

=

62

Improving Power
Use of Empirical Bayes - Example From Real Dataset #1

Example From CACTI Study

Group Factor

Control 

(C)

Diabetic

(D)

Albuminuric

(A)

1

2

3

4

5

6

7

8

9
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Improving Power
Use of Empirical Bayes - Example From Real Dataset #1

üOur CACTI study example:

Larger number of detected 

differentially expressed 

proteins for identical 

pFDRcontrolled at level 

a= 0.05, i.e. more 

statistical power

64

- R package ósamrô 

samr()

- Bioconductor R package ólimmaô

lmFit(), 

eBayes(), 

topTable()

Use modified  R package óstatsô and 

Bioconductor R package ólimmaô to 

accommodate pFDR :

p.adjust(.) with option ñmethodò = ñJSò

decideTests() in topTable()

(J-E Dazardô R source codes available upon 

request)

- R package óqvalueô

qvalue(.) 

- R package óstatsô 

p.adjust(.)

Use modified  R package 

óstatsô to accommodate pFDR :

p.adjust(.) with option 

ñmethodò = ñJSò

(J-E Dazardô R source codes 

available upon request)

pFDR

Combined Empirical 

Bayesô estimators 

and pFDR

Improving Power
Some R Implementations - pFDR , Empirical Bayes and LMM

Combined Empirical 

Bayesô estimators 

and LMM

-R package ómaanovaô

read.madata()

Reads in the data and make an object of class madata

Fitmaanova()

Fits the mixed ANOVA model

Resiplot() 

Residual plot of the residuals versus fitted value

matest()

Inferences by permutation tests and FDR adjustements 

(based on the James-Stein shrinkage estimates of the 

error variance)

- Bioconductor R package ólimmaô

lmFit()

eBayes()

duplicateCorrelation()

Analysis analogous to mixed ANOVA model except 

that information has been borrowed between 

variables. Information is borrowed by constraining the 

within-block correlations to be equal between 

variables and by using empirical Bayes methods to 

moderate the standard deviations between variables.

65

Improving Power
Sample Size & Power Analysis - Procedure

üFor reasons of lack of power and cost of samples in omics data, it is important to 

perform a sample size calculation before hand.

üThe problem is to calculate a sample size that achieves a desired power, while 

controlling some error rate associated to the large number of simultaneous tests.

üSince the error rate to control is FDR or pFDRand not the type I error => the 

traditional approach of estimating sample size by controlling type I error is no longer 

applicable.

Hypothesis

(Accept H0)

Declared Non-

Significant

(Reject H0)

Declared

Significant

Total

True Null Hypotheses

H0

U V
(Type I error)

m0

True Alternat . Hypotheses

H1

T
(Type II error)

S m1

Total W R m

F
D

R
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Improving Power
Sample Size & Power Analysis ïProcedure(Liu et al. 2007)

üFor anyestimateof p0 andanylevel of pFDRor FDR to control

Ý Find arejectionregionasa function of samplesizen.

Ý Calculatethepowerfor theselectedrejectionregionasa function of n.

Ý Choosethesamplesizeachievingthedesiredpower(or vice-versa).

üLiu et al. (2007) extendsthe approachto generalexperimentaldesignsincluding

factorialdesignsandmixedïeffectsmodels(Liu etal. 2007, not run).

üBy J.storeyôstheorem,

üTo achieveanFDR level lessthana, usingBayesôrule:

( ) Pr( 0| )pFDR H TG = = ÍG
where T denotes the test 

statistic and Gthe 

rejection region

0

0

( )     Pr( 0| )

1Pr( | 0)
                          

Pr( | 1) 1

pFDR H T

T H

T H

a a

pa

a p

G ¢ Ú = ÍG ¢

-ÍG =
Ú ¢

ÍG = -
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Improving Power
Sample Size & Power Analysis ïProcedure(Liu et al. 2007)

üConsiderfor instancea two-samplecase,andanhypothesistesting of the

groupmeandifferencefor variablej = 1,é,m. We reject if , for which the

critical valuecj is to bedetermined,whereTj denotestheteststatistic.

üAssumption: thedistributionof theprocesseddatais normalandhencet- andanF-tests

areapplicable: theteststatistichasa centralt distributionunderthenull hypothesisanda

correspondingnon-centraldistributionunderthealternativehypothesis.

üFor any estimateof the proportionp0 and anyalevel of FDR, we find the critical

valuecj thatsatisfies:

0

0

Pr( | 0) 1

1Pr( | 1)

j j

j j

T c H

T c H

pa

a p

> = -
¢
-> =

Power

0 : 0j jH D =

0 jH j jT c>
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Improving Power
Sample Size & Power Analysis ïProcedure(Liu et al. 2007)

üthat is, solvefor cj :

where            and               are the c.d.f. of a central and non central td with d d.f. and non-

centrality parameter

üThen, the power                                 is calculated for the selected critical values cj and 

corresponding sample size n = n1+n2 and for any estimate of p0 and any alevel of FDR

üBased on pilot proteomics datasets previously generated, we could get reasonable 

estimates of the parameters p0 , s1, s2

1 2 2 0

1 2 2 1 2 2 0

2 ( ) 1

1 ( | ) ( | ) 1

n n j

n n j j n n j j

T c

T c T c

pa

q q a p

+ -

+ - + -

- -
=

- + - -

(. | )d jT q(.)dT

2 2

1, 1 2, 2

j

j

j jn n
q

s s

D
=

+

Pr( | 1)j jT c H> =
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Example From CACTI Study

Group Factor

Control 

(C)

Diabetic

(D)

Albuminuric

(A)

1

2

3

4

5

6

7

8

9

Improving Power
Sample Size & Power Analysis Bayes - Example From Real Dataset #1

70

Improving Power
Sample Size & Power Analysis üCalculation of the sample sizes 

required to detect a 2-fold change

in at least one of the 

3 mean difference at fixed FDR = 0.05

ü

ü

üPower > 0.9 for n1 = n2 = n3 = 3 

2( log (2) 1)jD = =

1, 2,
Ĕ Ĕ 0.7j js sº º

0
Ĕ 0.34 0.75pº -

71

Improving Power
Some R Implementations - Sample Calculation

- R package óssize.fdrô 

ssize.twoSampVary() 

ssize.Fvary()

Outputs a graph of power versus 

sample size

Quick Sample Size 

Calculation with 

FDR control

72

üFold Change Revisited

üStatistical Modeling

üControlling Error Rates 

üImproving Power

üModel Selection Solutions in p >> n Situations

Outline
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LCMS dataset

(Restenosis study)

mRNA dataset

(FA-Lrp6 study)

Is there really nothing real below e.g. 30% pFDR?

Model Selection Solutions in p >> n Situations
Multiple Hypothesis Testing Limitations - Examples

üWhat are the operating characteristics of any FDR procedure when m >> n or m >> 1?

ÅFDR procedures were never meant for largem >> 1 in the first place!

ÅGenovese 2002, Ishwaran 2003: p0 often high in large dataset => FPR+FNR high => 

solved by raising FDRéwhich defeats the purpose!

üProblems in using FDR-controlled multiple hypothesis testing when m >> 1

ÅFDR well controlled, but FNR totally left uncontrolled

ÅLack of estimate of p0 in FDR => loss of power => few real discoveries, confirmatory

ÅOver conservativeness even with pFDR !

ÅArbitrariness in fixing FDR at alevel: is 5% right? Why not 1%, 2%, etc,..?

ÅWhat does it mean if ahas to be raised to e.g. 10%, 20%?, 30%?

üUnrealistic assumption about variables: Non-identical, probably non-normal , Non-

independence (univariate approach, FDR). Correlations => raise FPR.

üWhat to do in these difficult situations ? =>  Complete change of paradigm:

ÅRecast the problem of detecting differential expression as a model selection problem

ÅUse regularizationand/or model selection procedures (Bayesian Model Selection w/ 

selective shrinkage estimators).

74

Model Selection Solutions in p >> n Situations
Multiple Hypothesis Testing Limitations

üSo, we want to build a model using a selected subset of predictor variables (proteins, 

genes or genetic markers, etcé) .

üConsider the linear regression model                        with n observations and p variables, 

where                                is the univariateresponse vector and                             the p-

covariates, and                              the p-vector of parameters.

üThe goal is to identify which coefficients are zero and non-zero from:

where Yi is the response value and                         

where p is LARGE and n is small (generally p > 10,000 - 100,000,  but n < 10 - 100).

75

Model Selection Solutions in p >> n Situations

76

üWe know how to do this in ñregularò situation with relatively small p andp < n in standard 

statistical regression models: (Multiple) Linear regression models; GLM; Coxôs PH model 

(partial likelihood), linear and mixture discriminant analysis, linear SVM, and neural 

networks, é 

Åall are fit by minimizing some loss function and using model selection criteria: e.g.,  Mallowsô Cp, 

Akaikiôs AIC, Scwartzôs BIC,  etcé

Åor by best subset selection : compare all 2p submodels/subsets, estimate the subset prediction error 

=> choose the model with the smallest value. 

üProblem: what if p > n or even p >> n ? High-dimensional modeling

ÅMulti -collinearity of  X and singularity of the XTX matrix (rank is at most n). 

ÅStandard exhaustive search methods for variable selection are computationally infeasible (2p >>1)

ÅForward selection methods are typically very unstable (Breiman, 1996)

ÅCp, AIC, bootstrap and LOO-CV are not robust and inconsistent. Shao (1993, 1996) proved that 

AIC, Mallows Cp, delete-one cross validation, and Efronôs bootstrap are asymptotically equivalent 

and asymptotically incorrect and too conservative in the sense that they may select a model of 

excessive size.

Model Selection Solutions in p >> n Situations

77

üUnlike the OLS, the Elastic Net (EN) regularization (Hui et al., 2005) minimizes the RSS 

criterion subject to a double constraint on the l1- and l2-norm of the regression coefficients:

LASSO RIDGEOLS

ül2-penalty=> reducesmuticolinearityif l2 is large enough. As a continuousshrinkage

method(like in RIDGE Regression),the EN achievesbetterpredictionperformance(than

theOLS) througha biasïvariancetrade-off of parameterestimates.

ül1-penalty=> somecoefficientswill beshrunkto 0 if l1 is largeenough<=> Similar to

theLASSOregularization(Tibshirani,1996) => theEN regularizationdoessimultaneously

anautomaticvariableselection(The EN is stage-wise variableselectionmethodbasedon

the LARS algorithm. (Efron, 1994)). Coefficients can be thought as a shrunkenleast

squaresestimators.

üFinally, theEN simultaneouslyproducesbothanaccurateandsparsemodel.

Model Selection Solutions in p >> n Situations
Regularization and Model Selection via the Elastic Net (Hui et al. 2005) 

üConsider the previous linear regression problem:
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üFor thep >> n andgrouped-variablessituation,theElasticNetachievessimultaneously:

CProducessparseand accuratemodelsvia combinedregularization and variable selection

(unlikeLASSOor RRpenalties,whichonly dooneor theother).

COffers dimensionreductiontunedby CV

COvercomesthe p > n limitation of the LASSO in that it canselectmorethann variablesif

necessary

CSelectsgroupsof correlatedvariables(groupingeffect)

=> automaticgroupingof correlatedvariablesonceonevariableamongthegroupis selected

(importante.g. for capturingwholepathwaysandnetworksof proteins/genes)

üImportantextensions:

ÅAdaptativeLASSO(EN), FusedLASSO(EN), SmoothedLASSO(EN)

üMany applications:

ÅRegressionandClassificationsettings

ÅSPCA,SPLS,SCCA,etc,é

Model Selection Solutions in p >> n Situations
Regularization and Model Selection via the Elastic Net - Bonuses in High Dimension
(Hui et al. 2005) 


